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Within the theory of General Relativity we study the solution and range of applicability of the
standard geodesic deviation equation in highly symmetric spacetimes. The deviation equation is used
to model satellite orbit constellations around the earth. In particular, we reconsider the deviation
equation in Newtonian gravity and then determine relativistic effects within the theory of General
Relativity. The deviation of nearby orbits, as constructed from exact solutions of the underlying
geodesic equation, is compared to the solution of the geodesic deviation equation to assess the
accuracy of the latter. Furthermore, we comment on the so-called Shirokov effect in Schwarzschild
spacetime.
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I.

INTRODUCTION

Applications in space based geodesy and gravimetry
missions require the precise knowledge of satellite orbits
and possible deviations of nearby ones. In such a context one of the satellites may serve as the reference object and measurements are performed w.r.t. this reference
satellite. GRACE-FO, the successor of the long-lasting
GRACE mission, will measure the change of the separation between two spacecrafts with some 10 nm accuracy
[1]. The change of this distance is then used to obtain
information about the gravitational field of the earth,
i.e. to measure the Newtonian multipole moments of the
gravitational potential.
In this work we investigate the geodesic deviation equation in General Relativity in the case of highly symmetric
spacetimes. Our aim is to develop a measure for the quality of approximation that the deviation equation provides
to model test bodies and their orbit deviations in different
orbital configurations. To achieve this we construct general solutions of the geodesic deviation equation and compare them to exact solutions of the underlying geodesic
equation. Our analysis allows us to reveal physical and
artificial effects of such an approximate description. In
particular, we comment on an effect that was reported
for the first time in 1973 by Shirokov [2].
The structure of the paper is as follows: In section II
we reconsider the deviation equation in Newtonian gravity. This is followed by an investigation of the first order
geodesic deviation equation in static, spherically symmetric spacetimes in General Relativity in section III. A
direct comparison between the solution for Schwarzschild
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spacetime and the Newtonian result unveils the relativistic effects. In section IV we describe the shape of the
perturbed orbits and the influence of six free integration
parameters on the general solution. These parameters
are connected to the orbital elements of the orbit under consideration, and they determine how the orbit is
obtained from a perturbation of the reference curve. We
assess the range of applicability of the deviation equation
by comparing its solutions to deviations constructed “by
hand” from exact solutions of the underlying geodesic
equation. Building on these results we uncover some artificial effects previously reported in the literature. Our
conclusions and a brief outlook on future applications are
given in section V. Appendix A contains a summary of
our notations and conventions.

II.

ORBIT DEVIATIONS IN NEWTONIAN
GRAVITY

There are two basic equations that govern Newtonian
gravitational physics: The field equation, also known as
Poisson’s equation
∆U (x) = ∂µ ∂ µ U (x) = 4πGρ(x) ,

(1a)

and the equation of motion
ẍµ = −∂ µ U (x) ,

(1b)

where the xµ are Cartesian coordinates (x, y, z) and the
overdot denotes derivatives w.r.t. the Newtonian absolute time t. Here and in the following, Greek indices
are spatial indices and take values 1, 2, 3. The field equation (1a) relates the Newtonian gravitational potential U
to the mass density ρ and introduces Newton’s gravitational constant G as a factor of proportionality. Outside
a spherically symmetric and static mass distribution, i.e.
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in the region where ρ = 0, we obtain as a solution of the
Laplace equation ∆U = 0:
U (r) = −GM/r ,

(2)

where M is the mass of the central object, obtained by
integrating the mass density over the three-volume of the
source, and r is the distance to the center of the gravitating mass. The equation of motion (1b) describes how
point particles move in the gravitational potential given
by U .

A.

Newtonian deviation equation

We now recall the derivation of the Newtonian deviation equation [3]. For a given reference curve Y µ (t)
that fulfills the equation of motion we construct a second
curve X µ (t) = Y µ (t) + η µ (t) and introduce the deviation
η. This second curve shall be a solution of the equation
of motion as well (at least up to linear order, as we will
see below). Hence, we get
Ẍ µ = Ÿ µ + η̈ µ = −∂ µ U (X) = −∂ µ U (Y + η).

(3)

For small deviations we linearize the potential around the
reference object with respect to the deviation. This yields
U (X) = U (Y + η) = U (Y ) + η ν ∂ν U (Y ) + O(η 2 ) and the
first order deviation equation in Newtonian gravity becomes (spatial indices are raised and lowered with the
Kronecker delta δνµ )
η̈ µ = −[∂ µ ∂ν U (Y )] η ν =: K µ ν η ν .

(4)

For a homogeneous (∂ν U ≡ 0), or vanishing (U ≡ 0),
gravitational potential the deviation vector has the simple linear time dependence η µ (t) = Aµ t + B µ , with constants Aµ and B µ . A non-linear time dependence of the
deviation is caused by second derivatives of the Newtonian gravitational potential, i.e. if K µ ν 6= 0.
Since we are interested in the deviation for highly
symmetric situations, we now use the potential (2)
outside a spherically symmetric mass distribution and
introduce usual spherical coordinates by (x, y, z) =
(r sin ϑ cos ϕ, r sin ϑ sin ϕ, r cos ϑ). Due to the symmetry
of the situation we can, without loss of generality, restrict
the reference curve to lie within the equatorial plane that
is defined by ϑ = π/2. Applying the coordinate transformation xa → x̃a from Cartesian to spherical coordinates,
Eq. (4) turns into
η̃¨ν ∂˜ν xµ + 2η̃˙ ν ∂˜ν ẋµ + η̃ ν ∂˜ν ẍµ


= ∂r U (r) ∂ µ ∂ν r + ∂r2 U (r)(∂ µ r)(∂ν r) η̃ σ ∂˜σ xν , (5)

where (η̃ µ ) = (η r , η ϑ , η ϕ ) are the components of the deviation in the new coordinates and (∂˜µ ) = (∂r , ∂ϑ , ∂ϕ ).
These are three equations for the three unknown components of the deviation. All angular terms can be

eliminated by appropriate combinations of these equations and a straightforward but rather lengthy calculation yields the system of differential equations
!
Ṙ ϑ
R̈
GM
ϑ
η̈ = − η̇ −
ηϑ ,
(6a)
+
R
R3
R




2GM
r
r
2
η
+
2
Ṙ
Φ̇
+
R
Φ̈
η ϕ + 2RΦ̇ η̇ ϕ ,
η̈ = Φ̇ +
R3
(6b)
!
2Ṙ ϕ 2Φ̇ r
Φ̈
R̈ GM
η̈ ϕ = −
η̇ −
η̇ −
+ 3 − Φ̇2 η ϕ − η r ,
R
R
R
R
R
(6c)
where the quantities represented by capital letters (R, Φ)
are in general functions of time t and describe the trajectory of the reference object, along which the system (6)
must be solved. To the best of our knowledge, this system
of differential equations describing the Newtonian deviations from a general reference curve was not published
before.
B.

Deviation from circular reference curves

One particular case is the deviation from a circular
reference orbit with constant radius R. This special situation was already considered by Greenberg [4], who derived (only) the oscillating solutions. However, in [3] the
full solution for this case can be found. In the following we briefly summarize the results in a form that we
will use later to compare to the relativistic results. The
azimuthal motion of the reference orbit is described by
r
r
GM
GM
Φ̇ =
⇒ Φ(t) =
t =: ΩK t .
(7)
R3
R3
The quantity ΩK is the well known Keplerian frequency
and leads to the Keplerian orbital period 2π/ΩK . For the
circular reference orbit the conditions R̈ = Ṙ = Φ̈ ≡ 0
must be satisfied and the system (6) yields three ordinary second order differential equations of which the last
two are coupled (see Eqns. (29), (33) and (34) in [4] for
comparison)
η̈ ϑ = −Ω2K η ϑ ,
r

ϕ

η̈ = 2R ΩK η̇ +
R η̈ ϕ = −2ΩK η̇ r .

(8a)
3Ω2K

r

η ,

(8b)
(8c)

The first equation for the deviation in the ϑ-direction
describes a simple harmonic oscillation around the reference orbital plane and is decoupled from the remaining
ones. The general real-valued solution is given by
η ϑ (t) =

C(6)
C(5)
cos ΩK t +
sin ΩK t .
R
R

(9a)

The parameters C(5) and C(6) are the amplitudes of the
two fundamental solutions (normalized to the reference
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radius R) and the deviation component η ϑ oscillates with
the Keplerian frequency ΩK . In [4], Greenberg derived
the oscillating solutions for the remaining two equations.
However, the general solution, cf. [3], is given by
η r (t) = C(1) + C(2) sin ΩK t + C(3) cos ΩK t ,

R η ϕ (t) = 2 C(2) cos ΩK t − C(3) sin ΩK t
3
− ΩK C(1) t + C(4) .
2

(9b)

(9c)

Combining the results, the perturbed orbit is described
by X µ = Y µ + η µ , i.e.
r(t) = R + η r (t) = R + C(1)
+ C(2) sin ΩK t + C(3) cos ΩK t,
(10a)


3
ϕ(t) = ΩK t + η ϕ (t) = ΩK 1 −
C(1) t + C(4)
2R

2
+
C(2) cos ΩK t − C(3) sin ΩK t ,
(10b)
R
C(5)
C(6)
π
cos ΩK t +
sin ΩK t .
ϑ(t) = + η ϑ (t) = π/2 +
2
R
R
(10c)
Obviously, there are several possibilities to perturb the
reference orbit. The parameters C(i) , i = 1 . . . 6 define
the initial position and velocity (or the orbital elements)
of the test body that follows the perturbed curve. The
meaning of these parameters and their impact on the
perturbed orbit was studied briefly in Ref. [3], and the
analysis will be extended in section IV in the context
of the general relativistic results. Note that the only
frequency appearing in the solution so far is the Keplerian
frequency ΩK .
III.

GEODESIC DEVIATION IN GENERAL
RELATIVITY

In General Relativity, the equation of motion for structureless test bodies takes the form of the geodesic equation
dxb dxc
d2 xa
a
=
−Γ
(x)
.
bc
ds2
ds ds

(11)

See [5, 6] for reviews of methods to derive this, and higher
order equations of motion, by means of multipolar techniques. Latin indices denote spacetime indices, taking
values 0, 1, 2, 3, and Γbc a are the connection coefficients
of the underlying spacetime (Christoffel symbols).
As in the Newtonian case we consider two neighboring
curves Y a (s) and X a (s), both of them are now assumed
to be geodesics, and s is the proper time measured along
the curve Y a (s). Choosing this as the reference curve
we may introduce, in a coordinate representation, the
deviation η a w.r.t. the neighboring curve X a (s) as
η a (s) := X a (s) − Y a (s) .

(12)

FIG. 1. Sketch of the deviation of two nearby geodesics Y a (s)
and X a = Y a + η a . Here we depict the case of the orthogonal
correspondence – in which the deviation vector η a is chosen
to be orthogonal to the four-velocity Ẏ a along the reference
geodesic.

Denoting the normalized four-velocity along the reference
curve by Ẏ a := dY a /ds, it can be shown that the second
covariant derivative of the deviation fulfills
D2 η a (s)
= Ra bcd (Y ) Ẏ b η c Ẏ d + O(η 2 ) ,
ds2

(13)

up to the linear order in the deviation and its first derivative, along the reference curve. This is the well-known
geodesic deviation or Jacobi equation, in which Ra bcd
denotes the curvature of spacetime. For more details on
its systematic derivation, in particular its possible generalizations, and an overview of the literature see [7].
From Eq. (13) we infer that the deviation η will have
a non-linear time dependence if and only if the spacetime is curved. For vanishing curvature the deviation
can only grow linearly in time as in the Newtonian situation for K µν = 0. The Newtonian quantity K µν that
measures second derivatives of the gravitational potential
is replaced by the curvature tensor in General Relativity.
In the following we will focus on the solutions of Eq.
(13) in the case of timelike geodesics that may correspond
to satellite orbits around the earth. In particular, we
are going to assume an orthogonal parametrization, see
section III in [7], in which the deviation is orthogonal
to the velocity along the reference curve ηa Ẏ a = 0 – cf.
Fig. 1 for a sketch. We will further assume the reference
curve Y a to be a circular geodesic and construct orbits
as perturbations of this reference curve.

A.

Deviation equation in spherically symmetric
and static spacetimes

In a spherically symmetric and static spacetime that
is described by the metric
ds2 = A(r)dt2 − B(r)dr2 − r2 (dϑ2 + sin2 ϑdϕ2 ) , (14)
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we use coordinates (xa ) = (t, r, ϑ, ϕ) and choose units
such that the speed of light c and Newton’s gravitational constant G are equal to one. The angles ϑ and
ϕ are the usual polar and azimuthal angles as in spherical coordinates and the radial coordinate r is defined
such that circles at a radius r have circumference 2πr.
In these coordinates the reference geodesic is represented
by (Y a ) = (T, R, Θ, Φ). Due to the symmetry of the
spacetime we can, without loss of generality, assume that
the reference geodesic is confined to the equatorial plane.
Thus, we have Θ ≡ π/2 and Θ̇ = Θ̈ = 0. For geodesics we
obtain constants of motion that correspond to the conservation of energy E and angular momentum L, see for
example [8]. Since the metric (14) does neither depend
on the time coordinate t nor on the angle ϕ, i.e. ∂t and
∂ϕ are Killing vector fields, the constants of motion are
given by
E := A(r) ṫ = const. ,

L := r2 ϕ̇ = const. ,

(15)

The general solution of the first order geodesic deviation equation (13) in the spacetime (14) was given by
Fuchs [9] in terms of first integrals, which remain to be
solved. Unfortunately, this solution is not applicable to
the simplest case of the deviation from a circular reference geodesic. The condition Ṙ = 0 causes singularities
in terms ∼ 1/Ṙ that appear in the equations. Shirokov [2]
was the first to derive periodic solutions for the deviation
from circular reference geodesics in Schwarzschild spacetime. In [10, 11] the solution for Schwarzschild spacetime
and circular reference geodesics was given in terms of relativistic epicycles. However, one possible way to obtain
the full solution for circular reference geodesics in the
more general spacetime (14) is to refer the system of differential equations (13) to a parallel propagated tetrad
along the reference curve. The solution of the equations
in this reference system is then projected on the coordinate basis [12]. This method is of direct relevance for
relativistic geodesy, since it allows to describe the deviation as observed in the comoving local tetrad, i.e. by
an observer with an orthonormal frame who is located
at the position of the reference object. We will use the
results of this method here.
The motion along the circular reference geodesic with
radius R in the equatorial plane can be described using
the constants of motion E and L from Eq. (15):

equation using the result of Fuchs [12]
LE
√
f (s) ,
A L2 + R 2
ER
√
g(s) ,
η r (s) = √
AB L2 + R2
C(5)
C(6)
η ϑ (s) =
cos ΩΦ s +
sin ΩΦ s ,
R
√R
L2 + R 2
η ϕ (s) =
f (s) ,
R2
η t (s) =

L
s =: ΩΦ s ,
R2
E
T (s) = Ṫ s =
s.
A(R)

2A′′ A − A′2
3A′
+
,
′
2AB(2A − A R) 2AB R
2A′
∆ :=
.
AB R

k 2 :=

(17c)
(17d)

(18c)
(18d)

The prime denotes derivatives w.r.t. the radial coordinate
and the metric functions A = A(R), B = B(R) are to be
evaluated at the reference radius. For a circular geodesic
the constants of motion (15) can be expressed by
E2 =

B.

2A2
,
2A − A′ R

L2 =

R3 A′
.
2A − A′ R

(19)

Deviation equation in Schwarzschild spacetime

In GR, the Schwarzschild spacetime serves as the simplest model of an isolated and spherically symmetric central object and might be used as a first order approximation of an astrophysical object like the earth1 . The metric
functions in Eq. (14) are then given by
A(r) = 1 −

2M
,
r

B(r) = A(r)−1 .

(20)

The constants of motion E and L as well as the remaining
quantities k and ∆ are uniquely defined by the radius R
of the circular reference geodesic
4M
,
R3
(R − 2M )2
E2 =
,
R(R − 3M )

(16a)
(16b)

We should mention that the mass of the earth in the
units that we use is M ≈ 0.5 cm. After some lengthy
calculations one arrives at the solution of the deviation

(17b)

where the two proper time dependent functions f (s) and
g(s) are given by
r
∆
(C(2) cos ks − C(3) sin ks)
f (s) =
k2
(k 2 − ∆)
+ √
C(1) s + C(4) ,
(18a)
∆
g(s) = C(1) + C(2) sin ks + C(3) cos ks ,
(18b)

∆=

Φ(s) = Φ̇ s =

(17a)

1

M (R − 6M )
,
R3 (R − 3M )
M R2
L2 =
.
(21)
R − 3M

k2 =

Planets do not possess any net charge, therefore we do not consider charged solutions like, for example, the Reissner-Nordstrøm
spacetime.
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where the two functions f (s) and g(s) are given by
r

R
f (s) = 2
C(2) cos ks − C(3) sin ks
R − 6M
R − 2M
3
C(1) s + C(4) ,
(23a)
− ΩΦ
2
R − 3M
g(s) = C(1) + C(2) sin ks + C(3) cos ks .
(23b)
Notice that the function f (s) contains, besides periodic
and constant parts, a term that grows linearly with the
reference proper time s for C(1) 6= 0. This contribution
is not bounded and will, thus, limit the validity of the
framework since we work with the first order deviation
equation, i.e. the deviation η a is assumed to be small and
only contributions up to first order were considered. We
observe that in the general relativistic solution of the first
order deviation equation two distinct frequencies appear:

k=
ΩΦ =

r

r

M
R3
M
R3

r
r

R − 6M
= ΩK
R − 3M
R
= ΩK
R − 3M

r
r

R − 6M
,
R − 3M
R
.
R − 3M

(24a)
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FIG. 2. The difference between the frequencies ΩΦ and k, that
appear in the solution of the deviation equation, is shown for
reference radii that belong to satellite orbits around the earth.
The frequency difference is of the order of some 10−12 Hz,
which yields a period difference in the range of 10 - 30 µs. We
consider as the mean Earth radius R⊕ = 6.37 · 103 km.

When we parametrize the circular reference orbit by coordinate time we get
r
 −1
M
dΦ dT
−1
= ΩΦ Ṫ =
= ΩK . (26)
Ω̃Φ :=
ds ds
R3
Hence, Kepler’s third law holds perfectly well for circular orbits in Schwarzschild spacetime when the orbit is
parametrized by coordinate time.
IV. ON THE APPLICABILITY OF THE
GEODESIC DEVIATION EQUATION

(24b)

In the Newtonian limit these two frequencies coincide
and yield the Keplerian frequency ΩK . Fig. 2 shows the
difference ΩΦ − k between both frequencies for reference
radii that correspond to satellite orbits from 100 km to
3.6 · 104 km above the surface of the earth. It is worthwhile to note that the general relativistic solution (22),
(23) approaches the correct Newtonian limit (9). Furthermore, we observe that the normalization of the reference four-velocity yields
(1 − 2M/R) Ṫ 2 − R2 Φ̇2 = (1 − 2M/R)Ṫ 2 − r2 Ω2Φ = 1
r
R
. (25)
⇒ Ṫ =
R − 3M
2

2.5

freq. difference ΩΦ − k [10−12 Hz]

The parameters C(1,...,6) will be used to model different orbital scenarios. Using the constants (21) we can
simplify the solution (17) for the case of Schwarzschild
spacetime such that only these six parameters appear
along with the radius R of the reference orbit and the
mass M of the earth2 :
√
MR
t
η (s) =
f (s) ,
(22a)
R − 2M
η r (s) = g(s) ,
(22b)
C(5)
C(6)
η ϑ (s) =
cos ΩΦ s +
sin ΩΦ s ,
(22c)
R
R
f (s)
,
(22d)
η ϕ (s) =
R

W.r.t. Eq. (17) we have slightly redefined the constant parameters C(1,...,6) in a way such that ηr (s) = g(s). This is always
possible since all coefficients preceding the functions f (s) and
g(s) in (17) are constant because the reference radius R is constant.

In this section we study the applicability of the first
order deviation equation (13) to describe the motion of
a test body that is close to a given circular reference
geodesic, i.e. its worldline is simply determined by a small
initial perturbation of that reference curve, described by
the solution (22). In the following we investigate the
shape of the perturbed orbits as well as physical and
artificial effects that are present in the solution.
To describe different orbital configurations we have to
examine the impact of the parameters C(1,...,6) on the perturbed orbit. A proper way to do this is to investigate the
impact of each parameter separately since the different
effects can be superimposed in this linearized framework.
Here, we extend the brief analysis that was done in Ref.
[3]. The connection between the parameters C(i) and the
orbital elements of the perturbed orbit are summarized
in Tab. I. Hence, for a given orbital configuration that
is to be modeled we can determine the parameters that
must be taken into account from the table and describe
that satellite configuration within the framework of the
geodesic deviation equation using the solution (22).
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A.

Shape of the perturbed orbits

The following sections are named after the geometric
shape of the perturbed orbits, caused by the choice of the
respectively considered parameter(s). All orbits that we
discuss in the following are shown in Fig. 3.

1.

Circular perturbation

If we set all parameters but C(1) equal to zero, the
perturbed orbit remains in the reference orbital plane
and has still a circular shape. This perturbed orbit is
given by
r = R + η r = R + C(1) ,

δω(1)
R − 2M C(1)
= −3π
.
ΩΦ
R − 3M R
(29)

This angle may correspond, in principle, to an observable
quantity and the relation can be solved for M to obtain
an estimate for the mass of the central object. Thus,
the mass can be obtained from the measurement of the
deficit angle, assuming the situation can be prepared with
initially known reference radius R and radial distance
C(1) between both orbits.
2.

t(s) = Ṫ s + η (s)

(27b)

ϕ

ϕ(s) = ΩΦ s + η (s)
3
R − 2M C(1)
= ΩΦ s − ΩΦ
s =: (ΩΦ + δω(1) ) s.
2
R − 3M R
(27c)
The reference and the perturbed orbit are shown in Fig. 3
for one reference period and a chosen reference radius of
5000 km above the surface of the earth. As one would expect, a positive radial perturbation C(1) yields a smaller
azimuthal frequency, ϕ̇ = ΩΦ + δω(1) < ΩΦ , as compared
to the reference motion. The frequency and radial perturbations are related via
δω(1)
3 R − 2M C(1)
=−
,
ΩΦ
2 R − 3M R

∆α = ϕ (2π/ΩΦ ) − 2π = 2π

(27a)

t



C(1)
3
M
= Ṫ s − Ṫ
s =: Ṫ + δt(1) s,
2 R − 3M R

After a full azimuthal period on the reference orbit
s = 2π/ΩΦ , and the perturbed orbit is not yet closed
since ϕ(2π/ΩΦ ) 6= 2π. The deficit angle ∆α is given by

(28)

such that they are not independent and only one of them
can be chosen. Since we work with the first order deviation equation, we have to ensure that the radial perturbation is indeed small, i.e. C(1) /R ≪ 1. This is related
to upper bounds for C(1) that need to be chosen in a
proper way. For a satellite orbit of about 104 km above
the surface of the earth, the normalized perturbation is
C(1) /R ≈ 10−7 m−1 C(1) . Hence, the allowed values for
C(1) strongly depend on the chosen reference radius, or
given upper bounds for the radial perturbation. For various values of the reference radius - ranging from Low
Earth Orbits (LEO) to geostationary ones - and the parameter C(1) , we show the magnitude of the normalized
radial perturbation C(1) /R in Fig. 4. To decide whether
the description of a satellite mission within the framework of the first order deviation equation is useful or
not, one has to define the reference radius and the maximal radial perturbation for the desired mission scenario.
The value C(1) /R can then be estimated from Fig. 4 and
if it fulfills the condition C(1) /R ≪ 1 the solution may
give a simple and useful description of these orbits.

Elliptical perturbation I

The two parameters C(2,3) cause elliptical perturbations in the r − ϕ plane (reference orbital plane) if
we neglect the influence of all other parameters, i.e.
C(1,4,5,6) = 0. If we choose to have C(2) = 0 as well,
the perturbed orbit is described by
r(s) = R + η r (s) = R + C(3) cos ks

= R + C(3) + O s2 ,

(30a)

t

t(s) = Ṫ s + η (s)

r
M
2R
C(3) sin ks ,
= Ṫ s −
R − 2M R − 6M
=: Ṫ s + δt(3) sin ks ,

= (Ṫ + δt(3) k) s + O s2 ,
(30b)
r
C(3)
R
sin ks ,
ϕ(s) = ΩΦ s − 2
R − 6M R
:= ΩΦ s + δω(3) sin ks

(30c)
= (ΩΦ + δω(3) k) s + O s2 .

For an elliptically perturbed orbit of this kind, the eccentricity e and the semi major axis a can be linked to the
radial perturbation via
e=

C(3)
,
R

a = R.

(31a)

We can as well calculate the distance to the perigee dp
and apogee da that are related to the radial perturbation
dp = R − C(3) ,

da = R + C(3) ,

(31b)

and confirm that the semi major axis is half of the sum of
the two distances as it should be. Using these relations
the spatial shape of the perturbed orbit can be represented in a familiar way as
r(s) = a(1 + e cos ks) ,
r
a
e sin ks .
ϕ(s) = ΩΦ s − 2
a − 6M

(32)
(33)
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FIG. 3. The solid line (black) shows the circular reference orbit, whereas the dashed line (green) shows the perturbed orbit as
calculated with the solution of the deviation equation for: only C(1) 6= 0 (top, left), only C(2) 6= 0 (top, middle), only C(3) 6= 0
(top, right), a combination of both such that initially r(0) = R, ṙ(0) = 0 (bottom left) and a pendulum orbit as the result of
an inclined perturbation using only C(5) (bottom middle) and C(6) (bottom right). We have marked the respective positions
Yn on the reference orbit and Xn on the perturbed orbit for reference proper time values s = n/4 · 2π/ΩΦ . We used a reference
radius of R = R⊕ + 5000 km and a mean Earth radius R⊕ = 6.37 · 103 km.

The eccentricity of the perturbed orbit e = C(3) /R is
shown in Fig. 4 as well. If for a specific satellite mission
the maximal allowed eccentricity is given, we can read off
upper bounds for the parameter C(3) from Fig. 4, or, vice
versa: we can model an orbit with a given eccentricity
by choosing the necessary value for C(3) .

orbit is described by
r(s) = R + η r (s) = R + C(2) sin ks

= R + C(2) ks + O s2 ,

(34a)

t

t(s) = Ṫ s + η (s)

r
2R
M
= Ṫ s +
C(2) cos ks ,
R − 2M R − 6M

=: Ṫ s + δt(2) cos ks = Ṫ s + δt(2) + O s2 , (34b)
r
C(2)
R
ϕ(s) = ΩΦ s + 2
cos ks ,
R − 6M R

=: ΩΦ s + δω(2) cos ks = ΩΦ s + δω(2) + O s2 .
(34c)
The difference between the effects of the two parameters C(2,3) is just a phase difference, i.e. a spatial rotation
of π/2 of the perturbed orbit within the reference orbital
plane. For the case that only C(2) 6= 0, the perturbed

Both elliptical orbits are shown in Fig. 3 and the spatial
rotation as the difference between the effects of C(2) and
C(3) is obvious. These orbits look closed after one reference period, but they are not (recall that the frequencies
ΩΦ and k are just slightly different). After one reference
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C(3) = −C(1) . The perturbed orbit is then described by

4

r(s) = R + C(1) (1 − cos ks) ,

C(1,2,3) [102 km]

2%

t(s) = (Ṫ + δt(1) ) s + δt(3) sin ks ,

3

ϕ(s) = (ΩΦ + δω(1) ) s + δω(3) sin ks ,
2

ϑ = Θ ≡ π/2 ,

1%

(37a)
(37b)
(37c)
(37d)

For this orbit type we find the eccentricity and semi major axis to be
1

e=

0.5%

0
100

10 000

20 000

36 000

reference radius R [km above Earth’s surface]

FIG. 4. The magnitude of the normalized radial perturbation
C(i) /R as a function of C(1,2,3) and the reference radius R.
The lines represent surfaces of constant C(i) /R. We use a
mean Earth radius R⊕ = 6.37 · 103 km.

period s = 2π/ΩΦ we get
2πk
6= r(0) ,
ΩΦ
2πk
ϕ(2π/ΩΦ ) = 2π + δω(2) sin
6= ϕ(0) + 2π .
ΩΦ
r(2π/ΩΦ ) = R + C(3) cos

(35a)

(36a)
(36b)

Since the increase in the azimuthal angle differs from 2π
after one radial period, the perigee of the elliptical orbit
will precess. This precession is investigated in the next
section in more detail.

⇒ C(1) = ae ,

r(s) = a(1 − e cos ks) .

(38)

(39)

This radial motion has a period of 2π/k and we obtain
r(2π/k) = r(0) ,
2π(ΩΦ + δω(1) )
ϕ(2π/k) =
6= ϕ(0) + 2π .
k

(40a)
(40b)

Hence, also this elliptical orbit will precess. The precession is studied in the next section in terms of the perigee
advance.
4.

Azimuthal perturbation

The parameter C(4) causes an offset in the azimuthal
motion, i.e. a constant phase difference between the reference and perturbed orbit. When only C(4) 6= 0 the
perturbed orbit is the same as the reference orbit, but
the two test bodies are separated by a constant angle.
The perturbed motion is then described by
r = R,

√
MR
t
t(s) = Ṫ s + η (s) = Ṫ s +
C(4) ,
R − 2M
C(4)
,
ϕ(s) = ΩΦ s + η ϕ (s) = ΩΦ s +
R

(41a)
(41b)
(41c)

where the constant azimuthal separation is determined
by the value of C(4) /R.
5.

3.

a = R + C(1)

and this allows to recast the radial motion, again, in the
familiar way

(35b)

However, the difference between the two frequencies is
in the range of some 10−12 Hz and the periods differ by
about 10−25 µs for reference radii in the range from LEO
to geostationary orbits. The radial motion has an actual
period of s = 2π/k, i.e. this amount of reference proper
time elapses from one perigee to the next. Hence, we get
r(2π/k) = r(0) ,
2πΩΦ
ϕ(2π/k) =
6= ϕ(0) + 2π .
k

C(1)
,
R + C(1)

Inclined perturbation

Elliptical perturbation II

Another kind of elliptical orbit can be constructed via
the combination with a circular perturbation. For example, we use a combination of both, C(1) and C(3) , to
arrive at a perturbed orbit that initially fulfills r(0) =
R , ϕ(0) = Φ(0) = 0 and ṙ(0) = 0. Hence, the perturbed orbit is initially as close as possible to the reference orbit - cf. Fig. 3. To construct it we need to choose

The two parameters C(5) , C(6) incline the orbital plane
with respect to the reference plane, e.g., if only C(5) 6= 0
we obtain a circular orbit with radius r = R and azimuthal motion ϕ(s) = ΩΦ s, but with the polar motion
given by
ϑ(s) =

C(5)
π
+
cos ΩΦ s .
2
R

(42)
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rameters C(2,3) 6= 0 the radial motion has a period given
by s = 2π/k, but the azimuthal oscillation is advanced
already. The difference to a full revolution is then given
by


ΩΦ
−1
∆ϕ = ϕ(2π/k) − 2π = 2π
k
r

a
= 2π
−1 ,
(43)
a − 6M

perigee shift / orbit [10−3 arcs]

FIG. 5. A sketch of the two orbital planes including the orbital
elements of the perturbed orbit X a .
3

2

that gives the perigee shift per orbit. Fig. 6 shows this
precession of the perigee for different reference radii ranging from LEO to geostationary orbits. The result (43) is
the same as shown in Ref. [13] and was also derived in
[12] as well3 . Up to linear order in M/a we obtain the
well-known result

6πM
∆ϕ =
(44)
+ O (M/a)2 ,
a
that is the first term in Einstein’s result [14]
∆ϕ =

1

0
100

10000

20000

36000

reference radius R [km above Earth’s surface]
FIG. 6. The perigee shift per orbit in 10−3 arcs for the elliptically perturbed orbit with either C(3) 6= 0 or C(2) 6= 0 (left)
This orbit is shown in Fig. 3 in the middle of the upper row.

Hence, C(5) /R determines the maximal inclination between the two orbital planes. If only C(6) 6= 0 instead, there are just little changes: the cos(ΩΦ s) becomes
sin(ΩΦ s) and the difference between the effects of these
two parameters is simply related to a spatial rotation.

B.

The orbital elements

Combining the results of the last section we can link
all parameters C(1,...,6) to the initial position and velocity
of the test body that follows the perturbed orbit. The
initial quantities r(0), ϑ(0), ϕ(0) and ṙ(0), ϑ̇(0), ϕ̇(0) are
summarized in Tab. I together with the resulting orbital
elements of the perturbed orbit. The orbital elements are
introduced in the sketch shown in Fig. 5.

C.

Physical effects

As shown before, the parameters C(2,3) will cause an
elliptically perturbed orbit. For such an orbit the perigee
will precess and the orbit is not closed. If either of the pa-

6πM
6πGM
≈
(1 + e2 + e4 + . . . ) .
a(1 − e2 )
a

(45)

for the precession of the perigee in the case of small eccentricities. For the second kind of an elliptically perturbed
orbit that is described by Eq. (37) we obtain according
to Eq. (40)
!
r
2π(ΩΦ + δω(1) )
R
− 2π = 2π
−1
∆ϕ =
k
R − 6M
r
C(1)
R
R − 2M
.
− 3π
R − 3M R − 6M R
The first term resembles the previous result for the
perigee precession where the parameter C(1) was set equal
to zero and we recover this result in the limit. The additional effect depends on the eccentricity. Up to linear
order in e and M/a the result reads


 

6πM
M
∆ϕ =
1− 1+
e + O e2 , (M/a)2 ,
a
2a
(46)
and depends on the eccentricity, whereas in the first case
the result was independent of the perturbation parameters.
It should be mentioned that in the Newtonian solution (10) no perigee precession is present since there is
only one frequency involved, i.e. the Keplerian frequency
ΩK . In Newtonian gravity (at least for a spherically symmetric potential) the Kepler ellipses are closed. Hence,
as it is well-known, the precession of an elliptical orbit
is a relativistic effect. It is recovered in the framework
of the first order geodesic deviation equation due to the
appearance of a second frequency in the solution.

3

Note the mistake in Eq. (4.14) in [12], where actually the inverse
value of the correct result is shown and we assume this to be
simply a typo.
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TABLE I. The initial position and velocity of the test body that follows the perturbed orbit X a . Choose one parameter that
shall be the only non-zero one, then the initial state can be read off from the table. For combinations of different parameters
the effects can be superimposed. We list the orbital elements such as eccentricity e, semi-major axis a, the ascending node Ωa
(longitude), the inclination i, distance to the perigee dp , distance to the apogee da and the argument of the perigee ω. For
the definitions of these orbital elements see Fig. 5. When two values are given, the orbital element depends on the sign of the
respective parameter.
6= 0:
r(0)
ϑ(0)
ϕ(0)
ṙ(0)
ϑ̇(0)
ϕ̇(0)
e
a
Ωa
i
dp
da
ω
Shape:

D.

C(1)
C(2)
C(3)
C(4)
C(5)
C(6)
R + C(1)
R
R + C(3)
R
R
R
π/2
π/2
π/2
π/2
π/2 + C(5) /R
π/2
0
δω(2)
0
C(4) /R
0
0
0
C(2) k
0
0
0
0
0
0
0
0
0
ΩΦ C(6) /R
ΩΦ + δω(1)
ΩΦ
ΩΦ + k δω(3) ΩΦ
ΩΦ
ΩΦ
0
C(2) /R
C(3) /R
0
0
0
R + C(1)
R
R
R
R
R
0
0
0
0
π/2(2 − sgn C(5) ) π/2(1 + sgn C(6) )
0
0
0
0
C(5) /R
C(6) /R
R + C(1)
R − C(2)
R − C(3)
R
R
R
R + C(1)
R + C(2)
R + C(3)
R
R
R
0
3πΩΦ /(2k) ; πΩΦ /(2k) πΩΦ /k ; 0
0
0
0
circular
elliptical
elliptical circular circular, inclined circular, inclined

of the first order deviation equation (27)

Comparison to exact solutions
1.

Circular orbits

(1)

ΩΦ + δω(1) ≡ ΩΦ + δω(1) .

For a circular orbit in the equatorial plane with radius
r = R + C(1) the exact azimuthal frequency is given by
ωϕ =

s

M
(R + C(1) )3

s

R + C(1)
.
R + C(1) − 3M

(47)

Expanding this result w.r.t. the small quantity C(1) /R ≪
1 in a Taylor series we obtain
ωϕ =

r
|

M
R3

r

3 R − 2M
R
−
R − 3M 2 R − 3M
{z
}|
(0)

=ΩΦ =:δω(1)

r

M
R3
{z

r

(1)

=:δω(1)

C(1)
R
R − 3M R
}

r r


C(1) 2
15 (R − 2M )2 + 4/5M 2 M
R
+
8
(R − 3M )2
R3 R − 3M
R
|
{z
}
(2)

=:δω(1)

+O



C(1) /R

3 
(i)

.

(48)

The quantities δω(1) are defined as shown above. The
superscript denotes the order of expansion and the subscript denotes the connection to the radial perturbation
C(1) . The 0th order contribution is given by ΩΦ , the azimuthal frequency for a circular orbit with radius R - cf.
Eq. (24). Restricting ourselfes to first order contributions
we can compare the approximation (48) to the solution

(49)

Hence, the approximation up to linear order in C(1) /R
is exactly the result that appeared in the solution of the
first order deviation equation - cf. Eq. (27). Therefore,
the error that we make using this result is dominated
(2)
by the second order term δω(1) . We show the relative
(2)

error δω(1) /ωϕ in Fig. 7 and conclude that even for a radial separation of some 102 km between the reference and
perturbed orbit this error is less than 0.1%. Using the expansion in Eq. (48) we estimate the error that remains at
the next order, i.e. using also second order contributions
in the frequency expansion. Then, the error is dominated
by the third order term and about two orders of magni(2)
tude smaller. One can show that the quantity δω(1) /ωϕ ,
shown in Fig. 7, is also the dominating error term for
the conserved quantity L that corresponds to the angular momentum of the perturbed orbit, since the frequency
and angular momentum are related by L = r2 ωϕ .
Using the expansion (48) we can write down the solution of the nth order deviation equation for a circular perturbation in the reference orbital plane. The perturbed
orbit is then described by
r = R + C(1) ,


(n)
(1)
ϕ = ΩΦ + δω(1) + · · · + δω(1) s ,

(50a)
(50b)

Radial separation
C(1)
R = R⊕ + 1000 km
10 km
50 km
100 km
150 km
R = R⊕ + 36000 km
10 km
50 km
100 km
150 km

1st

(k)

C(1)
R

k

0.

0
100

1%

0.0

.

10 000

20 000

36 000

reference radius R [km above Earth’s surface]
(2)

FIG. 7. The dominating term δω(1) /ωϕ in the frequency error.
This relative error is made using the solution of the first order
deviation equation to describe a circular perturbed orbit with
initial radial distance C(1) to a reference orbit with radius R.
Hence, the approximation gives the correct result up to a few
tens of a per cent.

27 0.007 10−5
10−5
690 0.95 0.001 5 · 10−5
2760 7.6
0.02 5 · 10−5
6206
26
0.1
0.0015



2

4th

159 0.25 4 · 10−4 6 · 10−5
3955
31
0.24
0.002
15700 249
3.8
0.06
35000 535
19
0.43

1
dk ωϕ
k! d(C(1) /R)k

%
05

0.

1

Error [m]
2nd
3rd
order

where
δω(1) =

3

C(1) [102 km]

TABLE II. Error in the distance between reference and perturbed orbit after one complete reference period. We compare
the distance as modeled with Eq. (50), up to 4th order, with
the distance constructed from two exact circular orbits with
radii and frequencies (R, ΩΦ ) and (R + C(1) , ωϕ ). The table
shows the values for the two different reference radii, 1000 km
and 36000 km above Earth’s surface. Bold marked values correspond to cm accuracy level when using the respective approximation order.

1%
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(50c)

factor of 10 yields relative errors that decrease two orders
of magnitude. The analysis shows that the errors scale
roughly as e2 , which is the expected behavior since terms
that are quadratic in the eccentricity are neglected in this
framework.

Tab. II shows the error that is made when modeling the
distance between the reference orbit and the circular perturbed orbit after one complete reference period. To calculate the error we used the result above and compared it
with the distance as calculated from two exact circular orbits with radii and frequencies (R, ΩΦ ) and (R+C(1) , ωϕ ).
3.
2.

Elliptical orbits

To judge the accuracy of the elliptical orbits constructed with the solution (30), we compare them to exact solutions of the geodesic equation. In both cases we
have to use identical initial conditions, i.e. the constants
of motion E and L have to be the same. The exact orbit
can either be constructed as a numerical solution of the
geodesic equation, or by using analytic solutions in terms
of elliptic functions.
We choose as initial conditions for eccentricity, distance to the perigee and argument of the perigee
e = 0.02 ,

Pendulum orbits

dp = R⊕ + 9672.6 km ,

ω = 0.

(51)

The relative error in the radial and azimuthal motion
is shown in Fig. 8 for ten orbital periods. The mean
error in the radial deviation is positive, whilst the mean
phase error is negative. Lowering the eccentricity by a

Pendulum orbit constellations are of special interest
for satellite geodesy missions. Hence, we should give an
idea of how accurate the modeling of these constellations
can be done using the solutions (42) of the first order
geodesic deviation equation. Eq. (42) describes a circular orbit with unchanged radius that is inclined w.r.t
the reference orbit. Thus, all constants of motion are the
same but the orbital planes differ. In this solution, the
amplitude C(6) /R of the ϑ-oscillation gives the inclination of the perturbed orbit. Since we work with first order perturbations, this amplitude has to be small. For a
reference radius of GRACE-type, 500 km above Earth’s
surface, and an inclination of 1 deg the error is about
100 marcs. For two orbital periods, we show in Fig. 9
the relative error for an even higher inclination of 5 deg.
As can be seen in the figure, the error in the ϑ-motion
is periodic with zero mean value and standard deviation
around 0.1 % for this situation.

12
0.010
0.000

phase error

radius error

0.005

0.000

- 0.001
- 0.002
- 0.003
- 0.004

- 0.005
- 0.005
0

T

2T

3T

T 5T 6T 7T
proper time s

8T

9T

10T

0

T

2T

3T

4T

5T

6T

7T

8T

9T

10T

proper time s

FIG. 8. Relative error in the radial and azimuthal motion compared to the exact solution for 10 periods. The mean value (solid
line) and range of one standard deviation around the mean (dashed lines) are shown.
0.003

θ = π/2. Since each of the two orbits is confined to its
orbital plane, the line of nodes remains unchanged for an
arbitrary number of revolutions.
We will now describe these two orbits using the solution (22) of the first order deviation equation. The
circular reference orbit with radius R defines the equatorial plane. We choose C(2,...,5) ≡ 0. Hence, only the
parameters C(1,6) describe the shape of the perturbed orbit. As our analysis in the previous sections has shown,
C(1) causes a constant radial perturbation and C(6) inclines the perturbed orbital plane. This perturbed orbit
is described by

ϑ relative error

0.002
0.001
0.000
- 0.001
- 0.002
- 0.003
0

T/2

T

3T/2

2T

proper time s
FIG. 9. Relative error in the ϑ-motion that is made using
the solution (42) of the first order deviation equation, which
describes a pendulum orbit constellation with an inclination
of 5 deg between both orbital planes. The mean value (solid
line) and one standard deviation around the mean (dashed
lines) are shown as well.

r = R + C(1) ,
ϕ(s) = (ΩΦ + δω(1) ) s ,
C(6)
sin ΩΦ s .
ϑ(s) = π/2 +
R

(52b)
(52c)

The line of nodes is determined by two successive intersections of the ϑ-motion with the equatorial plane. This
happens for s = nπ/ΩΦ , n = 0, 1, 2... For these values
we get

E.

Other effects

ϑ(s = nπ/ΩΦ ) = π/2,

1.

The line of nodes

ϕ(s = nπ/ΩΦ ) = nπ +

In Schwarzschild spacetime, due to symmetry, any orbit is confined to one orbital plane that is determined
by the initial conditions. Conventionally this plane is
then chosen to be the equatorial plane, defined by ϑ =
π/2, ϑ̇ = ϑ̈ = 0. Let there be two different bound orbits
in Schwarzschild spacetime that we describe in the coordinate basis. We define the equatorial plane as the plane
of motion for one of them. The second orbit is, of course,
confined to a plane as well but this orbital plane is inclined w.r.t. the first one. Define the line of nodes as the
spatial intersection of these two planes, i.e. the connection between the points where the second orbit crosses

(52a)

(53)
nπδω(1)
.
ΩΦ

(54)

Thus, from one orbit to the next the line of nodes shifts
by an amount of
∆n :=

2πδω(1)
R − 2M C(1)
= −3π
.
ΩΦ
R − 3M R

(55)

For C(1) /R = 1% this corresponds to about −5 deg.
Since a precession of the line of nodes must not happen
in Schwarzschild spacetime, we have to carefully analyze
this kind of “effect”. As we have shown in the expansion
of the exact azimuthal frequency (48) for a circular orbit with radius R + C(1) , ΩΦ is its 0th order and δω(1)
its 1st order approximation. The approximation order in
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standard geodesic deviation equation in Schwarzschild
spacetime. The solution that is given in the work [2] is obtained in the framework presented here for C(1,3,4,5) = 0.
Only the parameters C(2,6) are involved. According to
the previous analysis of the shape of the perturbed orbit this corresponds to an elliptical orbit in an inclined
orbital plane. This orbit is given by, cf. Eq. (21) in [2],
r(s) = R + η r (s) = R + C(2) sin ks ,

(58a)

ϕ

ϕ(s) = ΩΦ s + η (s) = ΩΦ s + δω(2) cos ks ,
C(6)
ϑ(s) = π/2 + η ϑ (s) = π/2 +
sin ΩΦ s .
R
FIG. 10. The reference and perturbed orbit for three reference
periods. We have marked one endpoint of the line of nodes
Xn after n elapsed reference periods. The precession of the
perturbed orbital plane is clearly visible.

the frequency of the ϑ-motion in (52) is one less than the
order in the ϕ-motion, because the amplitude C(6) /R of
the ϑ-motion is already of first order. Hence, when using
higher order deviation solutions up to j th order, the orbit
will be given by
r = R + C(1) ,
ϕ = (ΩΦ +

(56a)

(1)
δω(1)

+ ···+

(j)
δω(1) ) s ,

(56b)
(j−1)

(1)

ϑ = π/2 + C(6) sin(ΩΦ + δω(1) + · · · + δω(1)

)s,
(56c)

and subsequently the shift of the line of nodes after one
orbit is
(j)

∆n =

2πδω(1)
(1)

(j−1)

ΩΦ + δω(1) + · · · + δω(1)

.

(57)

(j)

Since δω(1) is the j th term in the Taylor expansion (48)
we notice that ∆n → 0 for j → ∞. Hence, the shift of the
line of nodes vanishes in the limit of infinite accuracy and
is simply an artifact of the linearization/approximation.

2.

Shirokov’s effect revisited

In [2] a new effect in the context of the standard
geodesic deviation equation in Schwarzschild spacetime
was reported. This effect was also studied in several
follow-up works [15–19], in particular generalizations to
other spacetimes than Schwarzschild were given and Shirokov’s effect was compared to the influence of the oblateness of the earth that causes similar perturbations of the
reference geodesic.
In the following we critically reassess the derivation,
meaning, and physical measurability of Shirokov’s effect.
Shirokov [2] did only consider periodic solutions of the

(58b)
(58c)

There are some subtleties that need to be handled with
care. First of all, having identified a feature of a physical system within an approximate description, like the
first order deviation equation, does not mean that this
corresponds to a “real” effect. We have pointed out an
example for this with the line of nodes precession that
is present in the linearized framework but was shown to
decrease with higher order approximations and to vanish in the end. Exactly this artifact of the line of nodes
shift is present in Shirokov’s solution as well. Since the
equatorial plane is intersected by the perturbed orbit for
s = nπ/ΩΦ , we get a shift of the line of nodes after one
ϑ-period
∆ϕ = ϕ(s = 2π/ΩΦ ) − 2π = δω(2) cos

2πk
.
ΩΦ

(59)

This shift was not mentioned in the work by Shirokov,
but is indeed present in the solution. However, Shirokov
noticed correctly that in (58) the r, ϕ and θ oscillations
have different frequencies and, thus, different periods
Tr = Tϕ = 2π/k ,
Tϑ = 2π/ΩΦ .

(60a)
(60b)

Linearized inpM/R around the Keplerian value TK =
2π/ΩK = 2π R3 /M one obtains


3M
,
(61a)
Tr = Tϕ = TK 1 −
R


3M
.
(61b)
Tϑ = TK 1 +
R
It is by no means obvious why this linearization should
be necessary, but it was used in [2]. Of course, for the
earth M/R is a very small quantity when R corresponds
to radii above the surface, but the geodesic deviation
equation works well even close to black holes, were M/R
might be large [11]. However, Shirokov concludes that,
due to the different periods of ϑ and r oscillations, the
distance R (ϑ − π/2) to the equatorial plane, in which
the reference orbit lies, is different from 0 after (several)
radial oscillations and this is a new effect of General Relativity. Shirokov imagines a satellite that moves on the
reference orbit and rotates around the axis perpendicular
to the equatorial plane with its orbital period, i.e. 2π/ΩΦ .
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Placed within this satellite a small test mass shall follow
the perturbed orbit and the different frequencies of oscillations in the ϑ and r direction can be observed.
Since each orbit in Schwarzschild spacetime is confined
to its orbital plane, the ϑ and ϕ frequencies have to be
equal for exact orbits. Otherwise the line of nodes would
shift. The difference in these periods that Shirokov discovered is a result of the approximation. However, the r
and ϕ periods can be different, which leads to the perigee
precession for elliptical orbits. Hence, the r and ϑ periods can also be different for elliptical orbits to allow
for a perigee precession within an inclined orbital plane.
This is exactly what the approximate solution (58) of the
first order deviation equation describes: an elliptical orbit with perigee precession in an inclined orbital plane.
The exact solution for this orbit would describe an elliptical orbit in an inclined but fixed orbital plane that shows
perigee precession within this orbital plane. The solution (58) is simply the first order approximation of this
situation. Since the radial and the polar period are different, one would observe the object to be above or below
the equatorial plane after (several) radial periods. This
is nothing but a precessing ellipse in the inclined orbital
plane. Hence, Shirokov’s “new” effect is not new at all, it
is the first order approximation of the well-known perigee
precession – discovered by Einstein already in 1916 [14]
– in an inclined plane. Furthermore, as we have shown,
this is mixed with the artifact of a precessing line of nodes
due to the linearized framework.
We conclude that Shirokov’s effect is no new effect but
the first order description of the perigee shift for an elliptical orbit in an inclined orbital plane.

V.

CONCLUSIONS

We have shown how to describe orbits using the solution of the first order deviation equation for circular reference geodesics. In particular, we employ the
Schwarzschild spacetime as the simplest approximation
for the earth to investigate relativistic satellite orbits and
orbit deviations. We describe the shape of all perturbed
orbits and connect free parameters in the general solution to the orbital elements of the perturbed orbit. Using
this description, one can now apply the solution of the
first order deviation equation to model any orbit that is
specified in terms of its orbital elements. We have uncovered artificial effects that are due to the linearized
framework. For elliptical orbits with small eccentricities
the perigee precession was derived as a purely relativistic
effect, which is absent in the Newtonian solution of the
deviation problem. The solution of the first order deviation problem in Schwarzschild spacetime has shown that
such an approximate description must be handled with
care. The line of node precession, which is forbidden in
Schwarzschild spacetime, will mix in the context of Kerr
spacetime with the Lense-Thirring effect that causes a
similar behavior.

Reconsidering the so-called Shirokov effect we uncovered its origin. Rather than being a new feature of General Relativity, we identified it as the relict of the approximate description of a well-known perigee precession.
The comparison of perturbed orbits – based on the
solution of the geodesic deviation equation – to exact
solutions of the underlying geodesic equation has shown,
that higher order deviation equations should be used to
model modern satellite based geodesy missions.
In (simple) spacetimes, for which analytic solutions of
the geodesic equation are available, one can estimate the
accuracy of the approximate description to any order. In
more realistic spacetimes numerical methods will become
necessary.
In conclusion, already at the present level of accuracy
applications in geodesy and gravimetry require the use
of higher order deviation equations. Such equations will
become indispensable for the description of future high
precision satellite and ground based measurements.
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Appendix A: Conventions & Symbols

In the following we summarize our conventions, and
collect some frequently used formulas. A directory of
symbols used throughout the text can be found in Tab.
III. For an arbitrary k-tensor Ta1 ...ak , the symmetrization
and antisymmetrization are defined by
k!

T(a1 ...ak ) :=

1 X
TπI{a1 ...ak } ,
k!

(A1)

I=1
k!

T[a1 ...ak ] :=

1 X
(−1)|πI | TπI{a1 ...ak } ,
k!

(A2)

I=1

where the sum is taken over all possible permutations
(symbolically denoted by πI{a1 . . . ak }) of its k indices.
The covariant derivative defined by the Riemannian
connection is conventionally denoted by the nabla or by
the semicolon: ∇a = “;a ”. Our conventions for the Riemann curvature are as follows:
2Ac1 ...ck d1 ...dl ;[ba] ≡ 2∇[a ∇b] Ac1 ...ck d1 ...dl
=

k
X
i=1

Rabe ci Ac1 ...e...ck d1 ...dl −

l
X

Rabdj e Ac1 ...ck d1 ...e...dl .

j=1

(A3)
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TABLE III. Directory of symbols.
Symbol
Geometrical quantities
gab
A(r), B(r)
√
−g
δba
xa , s
Ya
Xa
Γab c
Rabc d
ηa
Matter quantities
ρ
M
Auxiliary quantities
G
U
R
ΩK , TK
ΩΦ , ωϕ
k
Tr , Tϕ , Tϑ
C(i)
δω(i)
δt(i)
R⊕
∆ϕ
∆n
E
L
f (s), g(s), ∆
Orbital elements
a
e
Ωa
i
dp
da
ω
ν
Operators
∂ i , ∇i
D
=“ ˙ ”
ds

Explanation

Metric
Free metric functions
Determinant of the metric
Kronecker symbol
Coordinates, proper time
Reference curve
Perturbed curve
Connection
Curvature
Deviation vector
Matter density
Mass of the central object[m]
Newton’s gravitational constant
Newtonian gravitational potential
Reference radius
Keplerian frequency, period
Azimuthal freq. of circ. orbit
Second freq. in relativistic solution
Frequencies of perturbations
Perturbation parameters, i = 1 . . . 6
Azimuthal deviations, i = 1 . . . 3
Temporal deviations, i = 1 . . . 3
Mean Earth radius 6.37 · 103 km
Angle of perigee precession
Angle of line of nodes shift
Energy
Angular momentum
Abbreviations
Semi major axis
Eccentricity
ascending node
Inclination
Distance to perigee
Distance to apogee
Argument of the perigee
True anomaly
(Partial, covariant) derivative
Total covariant derivative

The Ricci tensor is introduced by Rij := Rkij k , and the
curvature scalar is R := g ij Rij . The signature of the
spacetime metric is assumed to be (+, −, −, −).
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