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CHAPTER 1. BASICS

1.3. PART III - THE SCHWARZSCHILD SOLUTION

that the metric is time-independent gµν,0 = 038 . Therefore the functions v = v(r) and
µ = µ(r) will depend on the radial coordinates only. The next step is to calculate the
Christoffel symbols for the metric39 , nowadays this can be easily done by the use of a
computer algebra program, we only quote the final result40
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From the connection we can calculate the non-vanishing components of the Ricci tensor
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Therefore the field equations for our spherically symmetric and stationary ansatz for
the metric, remember Rµν = 0, turn out to be three equations for the two unknown
functions (however there is no overdetermination because the equations are not inde0
0
pendent, remember the identity Gαβ ;β = 0 ⇒ (R1 1 − R0 0 − 2R2 2 ) + (R1 1 − R0 0 ) ν +
4
(R1 1 − R2 2 )). Subtracting (1.29) from (1.28) we find
r
0

0

µ + ν = 0 ⇒ µ + ν = C1 = const.

(1.31)
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Reinserting this into (1.30) we find 1 − eµ − rµ = 0 ⇔ (re−µ ) = 1 ⇒ re−µ = r + C2
(with C2 = const). Renaming the second integration constant C2 := −2m we have
e−µ = 1 − 2m
. Hence we can infer from (1.31) eν = eC1 −µ = eC1 1 − 2m
. Therefore the
r
r
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line element becomes ds = e
1 − r dt − 1 − r
dr − dΩ . Rescaling of the
38

In this case the spacetime described by the metric has a fourth Killing vector. In general a spactime
is called stationary if there exists one timelike (X µ Xµ > 0) Killing vectorfield. In fact this vectorfield
is also orthogonal to the hypersurface t = const and therefore the corresponding spacetime is called
static. Note that the assumption of stationarity is not necessary at this point. We could also go ahead
and work out the field equations for two time dependent functions ν = ν (t, r) and µ = µ (t, r). The
result that the corresponding spacetime is static is generally known under the name Birkhoff theorem,
i.e. every spherically symmetric solution of the vacuum field equations is necessarily static.
39
Exercise: Check this calculation by hand! After that use a computer algebra system to verify your
result.
0
∂
40
(. . . ) := ∂r
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time coordinate41 finally yields the Schwarzschild solution
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(1.32)

This solution describes the exterior gravitational field outside of a spherically symmetric
body. The solution has some interesting properties: (i) It depends only on one integration constant m, the meaning of this constant still has to be determined. (ii) The
solution does not depend on the detailed distribution of matter inside the body. (iii) In
the coordinates used the solution (1.32) becomes singular at the radius r = 2m.

1.3.3

Physical consequences

Let us now sketch the derivation of the trajectories of test particles in the spacetime
described by the Schwarzschild line element in equation (1.32). The geodesic equation
ν
µ
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(1.33)

takes the form42
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Due to the spherical symmetry of the problem it is possible to consider only geodesics
which lie in one plane, an advantageous choice is θ = π2 , i.e. we confine ourselves to the
equatorial plane. This simplifies the set in (1.34) considerably, i.e.%
1
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2
2
2
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r
0
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(1.35)

Additionally, the four components of the geodesic equation are not independent. One
can show that multiplication of (1.33) with gνµ ẋµ yields the first integral43
(gµν ẋµ ẋν )· = 0 ⇒ gµν ẋµ ẋν = const ⇒normalized gµν ẋµ ẋν = 1
⇔ SS inserted eν ṫ2 − e−ν ṙ 2 − r 2 φ̇2 = 1.

(1.36)

41

Exercise: Write down this transformation explicitly. Check if the solution really satisfies the field
equations (this can be done very quickly by the use of CA).
·
d
42
(. . . ) := ds
43
This integral has of course a physical interpretation if we think of a particle with velocity u µ = ẋµ
moving on this geodesic.
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Where in the last line we inserted the explicit form of the Schwarzschild line element
(in order to avoid many terms we use eν = 1 − 2m
). From the last two equations in
r
(1.35) we get the following integrals
r 2 φ̇ = a = const,

eν ṫ = b = const,

(1.37)

the first of them representing the conservation of angular momentum of the particle
and the second one corresponding the conservation of energy of the test particle in a
time-independent field44 . By combining the last two equations from (1.37) with the one
in (1.36) and substituting back for eν we obtain
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Comparison with Newtonian theory In order to compare this result with the
Newtonian theory we differentiate this equation with respect to φ yielding
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The corresponding Newtonian result for a central body with mass M is
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(1.39)

Comparison of the results in the last two equations determines the so-far unspecified
integration constant within the Schwarzschild metric which is now given by m = GM
.
c2
45
Hence m represents the mass of the central body in some relativistic units . Additionally, we recognize that there will be an relativistic correction to the Newtonian result in
form of the second term on the rhs of (1.38).
Some tests There are several test connected with the Schwarzschild metric: (i)
6πm
The precession of the perihelia of the orbits of the inner planets δφ = r0 (1−
2 ) radians/revolution. Here  denotes the eccentricity and r0 the semimajor axis of the orbit.
Note that the positive sign in the formula denotes a precession in the same direction
of the motion of the testparticle. For Mercury one has δφ = 0.103800 per revolution46 .
(ii) Deflection of light δ = 2m
. For a light ray gracing the outer limb the sun we have
r0
44

At this point one should mention that the existence of any Killing vector of a space corrensponds
to a first intergral of the geodesic equation, which is of course equivalent to a conservation law for the
geodesic motion of a test particle.
45
Exercise: Convince yourself that [m]= length. Verify the numerical values msun ≈ 1.5 km, mearth ≈
0.5 cm.
46
Exercise: Derive the value of δφ for another planet in the solar of your choice. Why is it a good
idea to pick mercury.
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00

r0 ≈ 7 × 105 km and m ≈ 1.5 km, hence δ ≈ 1.75 .47 Note that Newtonian gravity predicts only half of this value. (iii) The time delay in the field of massive body. This test
was originally performed by studying reflected radar echoes from Mercury and Venus,
approximately one has ∆t ≈ 2 × 10−4 s.
Lightcones Light will move along lightlike curves, i.e. curves whose tangent vector
satisfies uµ uu = 0. From the line element in (1.32) we can infer that (in the plane
θ̇ = φ̇ = 0)


−1
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2m 2
ṫ − 1 −
1−
ṙ 2 = 0.
(1.40)
r
r
For the different regions we have48
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=± 1−
=±
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0
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.

Of course this equation describes the opening angle of the light cones for outgoing (+)
or ingoing (−) light signals. Observer that asymptotically we have the same behaviour
as in Minkowski spacetime. Additionally there is a change in the character of the
coordinates for values of r smaller/larger than the gravitational radius. If we compare
the two different forms of the lightcones on either side of the surface r = 2m we recognize
immediately that the coordinate set does not cover the whole plane and therefore should
be replaced by another system. A better coordinate system was suggested by Eddington
and Finkelstein who devised the following transformations for the Schwarzschild time
coordinate
r
t = t̃ ± 2m ln
− 1 , r = r̃, θ = θ̃, φ = φ̃.
2m
With these relations the line element from (1.32) becomes non-diagonal, and we obtain
two (depending on the sign) metrics
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Note that the metric coefficients remain regular at r = 2m and the metric has the
same asymptotic behaviour as the Schwarzschild metric. Now lets investigate again the
structure of the null cones of this metric. For fixed θ and φ we have




2m
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2m
2
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dr 2 ±
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r
r
r
47

Exercise: Calculate the value of the the maximal deflection for some other astrophysical objects
(Examples: Earth, a neutron star, a supermassive black hole).
48
Exercise: Show that one can derive t = ± (r + 2m ln |r − 2m| + const) from equation (1.40). Plot
these lines in the (r, t) plane for different values of the integration constant. What does this tell you
about the coordinate time?
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Selecting the − sign this leads to two for the radial null directions
dr
r − 2m
dr
= −1,
=
.
r + 2m
dt̃
dt̃

(1.42)

The first solution represents straight lines which cover the complete coordinate and
describes radially ingoing light signals and behave completely regular at r = 2m. The
second solution,
which describes radially outgoing signals, has three distinct values,

 −1 for r → 0
0
for r → 2m . Hence for outgoing signal the coordinate system has
i.e. dr
=
dt̃

1
for r → ∞
the same problems as the original Schwarzschild version of the metric49 . But if we
consider the orientation of the light cones described by (1.42) it becomes clear that the
hypersurface at r = 2m represents some kind of semipermeable membrane for photons
(and therefore also for observers who move on timelike curves). The hypersurface at
r = 2m is called an event horizon, since it is not possible to send some light signal to the
region r > 2m as soon as one has crossed the surface at r = 2m50 . The + sign in (1.41)
describes the time reversed case. Without going into further detail we note there exist
better51 , i.e. geodesically complete, coordinates for the Schwarzschild geometry which
avoid the problems encountered at r = 2m. Finally, we remark that there is another
way to verify that the singularity at r = 2m is only a coordinate singularity, namely by
2
calculating the curvature invariant Rαβµν Rαβµν = 48m
which shows that the spacetime
r6
described by (1.32) exhibits only an essential singularity at r = 0.
Interior and other exact solutions Keep in mind that we have only discussed the
exterior, i.e. vacuum solution, of the field equations (1.25) in the spherically symmetric
case. Of course people also modeled the interior of a star in general relativistic setup.
This is in general a very complicated problem since one has to incorporate the processes
which take place in a realistic star. Nevertheless people have studied highly symmetric
models and found exact solutions of the field equations of GR, one of these was given
by Schwarzschild in 1916 in which he assumes that the interior of the star is made of an
incompressible fluid. This is the so-called interior Schwarzschild solution, we will not
discuss this solution here.
49

Exercise: Show that for outgoing null-curves and − sign in the metric one has t = r +
4m ln |2m − r| +const. Work out and plot the parametric lines t(r) for both cases (±) of the EddingtonFinkelstein metric.
50
The surface M at r = 2m parametrized by
f (xµ ) = r − 2m = 0,
has the normal vector nµ = f,µ = (0, 1, 0, 0) and is therefore a null-hypersurface or characteristicsurface, since nµ nµ = 0 on M . Exercise: Work out the contravariant components g αβ of the metric the
Eddington-Finkelstein metric and verify the statement from above.
51
You can find the discussion in every textbook on GR → Kruskal-Szekeres coordinates.
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1.4

Part IV - Basic assumptions in cosmology

Goal: Sketch fundamental ideas which form the basis of modern cosmology.

1.4.1

Two assumptions

Without going into observational detail we mention here only two assumptions which
lead us to consider models of the FLRW type: (i) a global expansion and (ii) the
homogeneity and isotropy of space. The first assumption goes back to an observation
of Hubble, who found, by means of measuring the redshift and the luminosity of extragalactic nebulae, a linear relationship between the radial velocity v and the distance r
ascribed to the nebulae with respect to an earthbound observer. This relationship is
expressed in the famous Hubble law
v = H0 d,

(1.43)

where H0 denotes the so-called Hubble constant. Let us stress that this does not single
out a preferred observer in the universe as one might intuitively guess. The velocity
v in the above formula arises from the original interpretation of the observed redshift
as Dopplershift. In the context of General Relativity (GR) this observation can also
be interpreted as a global expansion of the spacetime. The notion redshift, associated
with the global expansion, and the notion Dopplershift, associated with the peculiar
motion of stars, are often used synonymously in astrophysical context. However they
are completely different physical effects. In order to take care of the first assumption
(i), a cosmological model should incorporate something like a global scale factor S(t),
which describes the size of the universe. The second assumption (ii) relies on the fact
that matter seems to be distributed very homogeneously in the universe at least in a
statistical manner. These two assumptions motivate our ansatz for the metric and the
energy-momentum in the next section.
The Robertson-Walker metric The assumption of homogeneity and isotropy and
global expansion leads to the so-called Robertson-Walker metric. Using spherical coordinates (t, r, θ, φ) the line element is given by
2

2

ds = dt − S

2




1
2
2
2
2
2
2
dr + r dθ + r sin θdφ .
1 − kr 2

(1.44)

The function S(t) represents the cosmic scale factor, and k can be chosen52 to be +1, −1,
or 0 for spaces with constant positive, negative, or zero spatial curvature, respectively. 53
52

After an appropriate rescaling of the coordinates.
Exercise: Show that the Roberston-Walker metric is spherically symmetric. Provide the explicit
form of the three Killing VFs corresponding to the spherical symmetry.
53
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The Energy momentum tensor of an ideal fluid As already mentioned above
on large scales matter appears to be distributed in a homogeneous and isotropic way.
Therefore we shall assume that the (average) matter tensor Tµν has the simple form
Tµν = (ρ + p) uµ uν − pgµν ,

(1.45)

i.e. describes a perfect fluid. The two quantities ρ = ρ (t) and p = p (t) correspond to
the energy density and pressure measured in some frame. A particularly well adapted
frame is the comoving frame. In this frame the four velocity in (1.45) is reduced to
uµ = (1, 0, 0, 0)54 . We will take this frame when we work out the field equations in the
next section.

1.4.2

The Friedmann equations

From the ansatz for the metric (1.44) and the energy-momentum (1.45) in we can immediately work out the form of the field equations
!2
Λ
κ
Ṡ
k
=
ρ,
(1.46)
+ 2−
S
S
3
3
!2
Ṡ
S̈
k
(1.47)
+ 2 − Λ = −κp,
2 +
S
S
S
and recover the well known form of the so-called Friedmann equations. Hence the field
equations (1.25), note that we did not assume that the cosmological constant vanishes,
turn into a set of ordinary differential equations for the scale factor S(t). The functions
ρ, p and the parameters k, Λ depend on the model we decide to consider. Note that ρ and
p are related by an equation of state p = p(ρ), p = 31 ρ in case of a radiation-dominated
universe, e.g.
Epochs During its evolution the universe goes through different epochs, that are characterized by the respective equation of state. The inspection of (1.46)–(1.47) reveals that
the solution for the scale factor S(t) depends on the choice of this equation of state. In
addition to the field equations we have one differential identity (remember the definition
of the Einstein tensor), i.e.%
T µν ;ν = 0.

(1.48)

Let us assume that the equation of state takes the form p (t) = w ρ (t), with w = const.
Using (1.44), and (1.45), equation (1.48) turns into
ρ̇S = −3Ṡ (ρ + p)
54

p=wρ

⇒

ρ = κw S −3(1+w) ∼ S −3(1+w) ,

(1.49)

In this case the velocity shall be normalized according to gµν uµ uν = 1.
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where κw is an integration constant. Thus, we have found a relation between the energy
density and the scale factor, which depends on the constant w from the equation of
state. Substituting back (1.49) into (1.46) yields
Ṡ
S

!2

+

λ
κ
k
− = κw S −3(1+w) .
2
S
3
3

(1.50)

Special case A frequently discussed case is the spatially flat one with vanishing cosmological constant. Ignoring all emerging constants in the solution for S(t), equation
(1.50) yields
Ṡ
S

!2

=

κ
κw S −3(1+w)
3

Λ=k=0, κw =1, p=wρ, w6=−1

⇒

22

2

S ∼ t 3(1+w) .

(1.51)
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